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Abstract

Purpose — The purpose of this paper is to investigate the thermal convection inside a spatially
modulated domain.

Design/methodology/approach — The governing equations are mapped onto an infinite strip,
allowing Fourier expansion of the flow and temperature in the streamwise direction.

Findings — Similar to Rayleigh-Benard convection, conduction is lost to convection at a critical
Rayleigh number, which depends strongly on both the modulation amplitude and the wavenumber.
The effect of modulation is found to be destabilizing (stabilizing) for conduction for relatively large
(small) modulation wavelength. Oscillatory convection sets in as the Rayleigh number is increased.
Originality/value — This paper presents novel results.
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1. Introduction

Thermal convection and flow in a micro-channel with modulated walls is a classical
problem that has attracted renewed interest because of its immediate relevance to
novel micro-technologies, such as compact heat exchangers, and membrane blood
oxygenators in extra-corporeal systems (Sobey, 1980). Moreover, the analysis of such
flows can help understand the generation of wind waves due to the change in the
surface of the earth temperature as well as the atmosphere (Tritton, 1988). The flow can
exhibit many of the features present in much more complex geometries, which can
significantly impact heat or mass transfer performance. This richness in physical
phenomena in a relatively simple geometry motivates fundamental interest by
providing an ideal setting to understand pattern formation for both Newtonian and
non-Newtonian fluids (Drazin and Reid, 1981).

The effects of spatial wall variations on the steady flow between smooth boundaries
were examined only relatively recently. The reader is referred to Zhou ef al (2003)
for details and bibliography therein. One may refer to such variations from perfect
geometries as dirty effects. On the other hand (Schmitz and Zimmerman, 1996a), these
deviations can lead to interesting phenomena, which are not present in systems of
regular geometrical variation. Sidewalls, for example, may restrict the structure of
stable wave numbers for cellular patterns or modify the orientation of convection rolls
(Schmitz and Zimmerman, 1996b; Stork and Miller, 1972; Thompson et al., 1985).
Reflection effects (Cross, 1988) or dynamical structures (Ning and Ecke, 1993) can be
induced in systems like rotating Rayleigh-Bénard convection. Irregularities at the
boundaries may lead to localized cellular structures at the threshold of convection,
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similar to those of gravity waves (Dimitropoulos et al, 1998). Such phenomena
modify the bifurcation behavior of cellular structures, as shown for a model system
(Zimmerman et al., 1993).

To gain insight on the effects of roughness in pattern formation, it is often helpful to
have it replaced with periodic modulations. One may replace, for instance,
imperfections at the boundaries in convection by temperature variations and analyze
their consequences for the onset of convection. Davis (1976) studied the case of
temporal periodic variations. Kelly and Pal (1978) examined the effects of spatially
periodic boundary conditions on the stability of the Rayleigh-Bénard problem. Chen
and Whitehead (1968) evaluated the extent to which well-defined initial perturbations
affect stable boundaries, although they were steady in time. The practical value is that
one might want to make the boundary wavy if the mean Nusselt number could be
increased, which have motivated Watson and Poots (1971) to study the effects of wavy
boundaries on laminar free convection in a flow between parallel vertical walls.

Other modulated systems have also been examined by Khayat and co-workers, such
as the flow through sinusoidally shaped channels. Steady flow (Zhou et al., 2002, 2003),
as well as stability aspects were considered (Selvarajan et al, 1999; Szumbarski and
Floryan, 1999). One of the major difficulties compared to typical linear stability
analyses is the absence of analytical solution for the base flow analyzed. This is also
the case for modulated rotating flow, of closer relevance to the current problem of
thermal convection. Li and Khayat (2004) showed the existence of intricate steady
pattern formation, but limited their formulation to weakly modulated Taylor-Couette
flow. Finite amplitude forcing was later considered by Zhang and Khayat (2006). This
problem may be viewed as the counterpart to the current problem in modulated
thermal convection.

Pattern formation is related to finite size or inhomogeneity effects. In this work, the
effect of spatial modulation on steady conduction and thermal convection, as well as their
stability are examined. The flow and temperature fields are obtained by mapping the
physical domain onto the rectangular computation domain, and using a combined
Galerkin projection and spectral methodology. The influence of the Rayleigh number,
dimensionless wave number and amplitude on the flow and heat transfer is emphasized.

2. Problem formulation and solution procedure

In this section, the general equations and boundary conditions for the transient and
steady-state flow of a Newtonian fluid in a spatially modulated channel are presented.
The equations are mapped over a rectangular domain, reducing the problem.

2.1 Governing equations and boundary conditions

Consider the flow of an incompressible Newtonian fluid lying horizontally between two
infinite rigid stationary boundaries, the lower being straight and the upper periodically
modulated. Let Ty and Ty + 8T be the temperatures of the upper and lower plates,
respectively, with 8T being the temperature difference. The problem is first introduced
in the (X, Z) plane, with the X-axis taken along the lower wall and the Z-axis along the
direction perpendicular to the plates. The general shapes of the lower and upper plates
are given by Z = 0 and D + F(X), respectively, where D is a typical (mean) channel
height and F(X) is a general function of X that may be arbitrarily prescribed. In this
work, however, a sinusoidal modulation will be considered. Figure 1 illustrates
schematically the flow configuration, with dimensionless notations being used. The
current formulation is easily extended to other configurations, such as the modulation



of both the lower and upper plates, sinusoidally or otherwise, as long as the modulation
1s periodic in X.

The fluid is assumed to be incompressible of density p and viscosity w. In this study,
the Boussinesq approximation is assumed to hold, which states that the effect of
compressibility is negligible everywhere in the conservation equations except in the
buoyancy term, i.e. that density differences are sufficiently small to be neglected,
except where they appear in terms multiplied by g, the acceleration due to gravity. The
fluid of main interest is assumed to obey the following equation of state:

p = po[l — ar(T —To)], (1)

where p, is the density at Ty and ar is the coefficient of volumetric expansion. In this
case, the equations for conservation of mass, momentum and energy read, respectively:

V-U=0,
po(Us + U - VU) = —VP + pV2U + pg, 2)
Ts+U- VT = kV?T,

where U(U,W) is the velocity vector, V is the two-dimensional gradient operator, S is
time, P is the hydrostatic pressure, g is the acceleration vector due to gravity, k is the
thermal diffusivity and T is the temperature. The subscript S denotes partial
differentiation with respect to time. The two boundaries are treated as slip surfaces.
The dimensionless co-ordinates, x and z, time, t and velocity components, u and w, are
introduced as:

X Z K DU DW
X=—=, z==, t==S, u=—, w=— 3a
D ) D ) DZ ) K ? K ) ( )
while the departures in temperature, 6, and pressure, p, from the pure conduction state
temperature, Tss, and pressure, Psg, as well as the temperature departure, o, from T,
are given by:

_T_Tss _D2 _TSS_TO
0= ST p_m(P_Pss)a e (3b)
g'— p
z = f(x) 2_“ I
o

|

X
Note: All variables are dimensionless
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Figure 1.

Schematic illustrating the
physical domain and
thermal convection
between straight lower
plate and spatially
modulated upper plate
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Here, pure conduction is referred to the state of the fluid at rest. In this case, Pgg is of
hydrostatic character. Two dimensionless groups emerge in the problem, namely, the
Rayleigh number and the Prandtl number:

3
3TpogorD™ B (4)

Ra = ,
K PoK

In this case, Equations (2) reduce to:

ux +w, =0,

u; + uux + wu, = Pr(Au — py),

Wt + uwy + ww, = Pr(Aw — p, + Ra#),
0; +u(6+ ), + w(0 + o), = A6,

()

where a subscript denotes partial differentiation. Note that w(x,z) is governed
by Laplace’s equation. The problem (5) is defined over the physical domain
Oy, ={(x,2)]x € [0,27/a],z € 0,1 +£(x)]}, which is next mapped onto the
rectangular domain. The physical domain and flow configuration are schematically
illustrated in Figure 1. Here f(x) = B sin(ax) is the deviation in the modulated upper
boundary from its mean value, with a and B being the wavenumber and amplitude
(normalized by D! and D), respectively.

2.2 Domain transformation

In contrast to the convection between flat plates, the flow and the temperature in the
current situation are not periodic in the streamwise direction given the competition
between the imposed modulation of wavenumber « and the “natural” or spontaneous
disturbance of wavenumber k. However, if the problem is solved over an infinite strip
of constant height, the flow and the temperature variables can still be taken as Fourier
series in the streamwise direction with basic wavenumber k. For this, the periodic
physical domain )y, i1s mapped onto the rectangular domain
Qe = {(&M)E€[0,2m/ a} 1 € [0, 1]} following the transformation:

Z

T(x,z,t) =t, &(x,z,t) =%, m(x,z,t) = T+ (6)
Applying the transformations, Equations (5) become:
u — f—/u +LW =0 (7a)
M T g T

f 1
U, —|—u<u§ _nl—i—fun> +Wmun
£ f 2 f
LY B oM
T‘( T+1 (1+f> )u“ Mg gte T e
r

f/ 2 1 2 f/
(1 ) v+ Uy — (P — P
Trg) "t \ag) B \Pe T g

()



f 1
Wr +U<W§ — ﬂl—HWn> +W1—_‘_fwn
£ f 2 f
. n<1—+f+2(1—+f> >Wn2ﬂ1—HWn§+W§§ (7c)
= Pr ,

£ \? 1\? 1
2(_~- - -
+m (1+f> Way + <1+f) W 1+fpn+RaB
e+ue—f—/e +L6+u —f—, +L
g TN o) TV g WET MO | T WO

1" 1\’ f 1\ o
:n<—1+f+2(1—+f> >0n—2111—+f9n§+9§§+ (m) [(nf)" + 1],

(7d)

Regarding the boundary conditions, no penetration condition is assumed to hold at the
two bounding surfaces regardless of the nature of the surfaces. In other words, the
surfaces are assumed to be impermeable. The temperature is assumed fixed at the two
surfaces. In this work, the two boundaries are assumed to be slip surfaces. Although
less realistic than the rigid-rigid conditions, the free-free conditions adopted here have
been extensively used in the literature on Rayleigh-Benard convection as they allow the
expansion of the flow and temperature fields in terms of trigonometric functions in the
transverse direction. More importantly, one does not expect any qualitative difference
in flow behavior if one set of conditions or the other are used. Indeed, Khayat (1999)
confirmed this similarity in behavior for Taylor-Couette flow. For this reason, the free-
free conditions are used here since the current formulation and results collapse onto
those for the traditional Rayleigh-Benard convection in the limit of flat bounding
surfaces. Thus, the boundary conditions at the top and bottom boundaries for velocity
and departure in temperature reduce to:

Un(§,n=0,7) =w(&m=0,1)=6(&mn=0,7)

(8a)
=wmEn=1L1)=wEn=11)=0¢En=11) =0.
In addition, periodic conditions are imposed in the streamwise direction, or:
21 21
u(gaan):u E+7an77 ) W(Eﬂl»’f):W E"‘*»’ﬂﬂ' )
k k
(8b)

2
9(%mﬂ)=9<§+£m,7),

where k is a wave number to be specified later. Finally, the pure conduction state is
governed by:

wge + 22 [(Mf)? + Loy — 2naf og, + m[2(af’)* — af’]o, = 0, (9)
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subjectto w(§,m = 0) = 1and w(§,m = 1) = 0. In addition to the conditions at the two
boundaries, periodic conditions will be used. In this case, ®(§,m) = w(§ + 2m/a), 7).
The problem is now solved using a combined spectral/Galerkin approach.

2.3 Solution for the conduction state

A Galerkin projection method is used to solve the problem. The solution corresponding
to pure conduction is expressed in Fourier series of fundamental wavelength equal to
27 /o Thus:

M=

w(&m) = > [A}(m) cosnag + Bj(m) sinnag], (10)

Il
o

et

which, upon substituting in Equation (9) and projecting over the interval § € [0, 27/ «],
lead to a set of ordinary differential equations for the coefficients, which must be solved
subject to Aj(0) = 1,A;_,(0) =B;_((0) =0and A;.,(1) = B}_,(1) = 0. Reasonable
convergence is reached by including only a few modes. The following equations are

given for the coefficients corresponding toN = 1:

0 1 270 2ps 2ps
m (’T]ﬁOL)z +2 [ n( ) mn m ﬂ]
1
C o T [a2(BE 4 4)AC — 9 (Ba)?AC], 11
1
B =—————[~4nBa’A) + o?(38” + 4)B° — 3n(Ba)’B).

m ('T]BOL)z + 4

Note in this case that A® = Aj, A° = A7, B° = B. System (11) is solved as a two-point
boundary-value problem using a finite-difference scheme with deferred correction,
coupled with a modified Newton-Raphson method (see, for instance, Rangan, 2003
for details).

2.4 Solution procedure for the convection state

For convection, the solution is sought by expanding the velocity, pressure and
temperature as Fourier series in &, of fundamental wavenumber k, with the expansion
coefficients depending on v (and time). Thus, the flow and temperature fields are
assumed to be periodic in the & direction with wavelength 2 /k:

u(g,m,7) = U'(m, 1) + U(m,7) cos(kg) + U°(m, 7) sin(kg),
w(Em, 1) = W(n, ) + W, 1) cos(kg) + WS(m, 7) sin(k),
p(£,m,7) = P’(m, ) + P*(m, 7) cos (k&) + P*(m, 7) sin(kg),
0(&,m,7) = 0°(m,7) + 0°(m, 7) cos(kE) + 6°(m, 7) sin(kE).
Upon substitution into Equations (7) and projecting onto the various modes, a set of
coupled partial differential equations are obtained, which are given in the Appendix.

The steady-state coefficients are obtained using a finite difference method in v similar
to above. Unlike the convection between two flat plates, only a few modes are needed in



order to preserve all the nonlinearities. The method of solution follows closely that of
Zhang and Khayat (2006), and will therefore not be discussed here.

It is important to emphasize that while the temperature field (10) for pure
conduction has the same spatial periodicity as the geometrical modulation of the upper
plate, the convective field (12) is not commensurate with the plate modulation. In fact, it
1s not difficult to conclude, upon inspecting transformation (6) and expansions (12),
that the convective field has no spatial periodicity.

3. Results and discussion
In this section, steady convection patterns and their stability are analyzed for different
flow and geometrical parameters. Similarly to Rayleigh-Benard convection between
two flat plates, steady conduction loses its stability to steady convection at a critical
Rayleigh number, Rac, which depends not only on the disturbance wavenumber k, but
also on the modulation wavenumber, o, and amplitude, . As the Rayleigh number
increases, the steady convective pattern loses its stability in turn to oscillatory
convection at a Rayleigh number Ray. In the sequel, it is convenient to introduce the
modulation wavelength A, = 27/« and the disturbance wavelength \;, = 27 /k.
Consider first pure conduction, which will be taken as reference later on. Figure 2
illustrates typically the temperature distribution in the modulated domain over one
wavelength. The figure shows the influence of modulation amplitude, B for « = 1. Note
in this case that the solution has the same wavelength as that of the imposed
modulation. In the absence of modulation (B = 0), the temperature distribution is of
course linear. As B increases, a nonlinear temperature distribution emerges, with a
temperature gradient larger near the upper plate than at the bottom.

3.1 Modulation at low wavenumber

The influence of modulation amplitude, B, is shown in Figure 3 for Pr = 10,
modulation and flow wavenumbers o« =1 and k =/ V2, respectively. Both the
flow field and temperature contours are depicted. Note that for this modulation
wavenumber the critical disturbance wavenumber for any modulation amplitude is
very close to that corresponding to the convection between two flat plates, therefore the
choice of the above k value in this case (see below). The patterns in Figure 3 are plotted
over one modulation wavelength, in this case x € [0,\, = 27]. Clearly, the flow and
temperature patterns do not change in periodicity even under large modulation
amplitude (as for B = 0.9). The convection pattern becomes simply distorted due to the
expansion and contraction resulting from modulation. However, it is interesting to note
the loss of the warm (bright) regions, which decrease essentially by half relative to the
B = 0 case (see Figure 3 for § = 0.9).

The rate of heat transfer is significantly influenced by modulation. Figure 4
displays the dependence of the local Nusselt number, Nu(x), on the modulation
amplitude for the same parameters as in Figure 3. Note that Nu(x) =1 — (06/0z2)|,_-
It is interesting to observe that the response in convection rate is highly nonlinear with
respect to modulation amplitude. The figure shows that the rate of convection is
essentially unaffected by modulation amplitude for B < 0.6. At larger amplitude, there
IS a significant increase in convection rate resulting from domain contraction (see
Figures 3 and 4 for B = 0.9). In contrast, there is barely any change in Nu(x) over the
range 0 < x < 7, where considerable domain expansion has occurred. The influence of
modulation amplitude on the overall rate of convection is depicted in Figure 5, where
the Nusselt number, (NU(x)), averaged over a wavelength is plotted against Ra for

Modulated
thermal
convection

23




HFF
20,1

24

Figure 2.

Temperature distribution
of the pure conduction
state over one modulation
wavelength, x € [0, 2],
for Ra = 200, « = 1 and
Pr=10

o = 1. The curves in Figure 5 reflect simultaneously the bifurcation picture as the
exchange in stability between conduction and convection takes place at the critical
Rayleigh number. The figure shows that the overall rate of convection tends to increase
with modulation amplitude as the critical Rayleigh number decreases, albeit
nonmonotonically. Thus, modulation tends to enhance the onset and magnitude of
convection.

The corresponding marginal stability curves are shown in Figure 6, where the
critical Rayleigh number, Rag, is plotted against k for different B values. The curves are
plotted over the range 0 < Ra < 7,000 in Figure 6a and 250 < Ra < 1,000 in Figure
6b. Figure 6a suggests that the overall range of stability of the conduction state



B=03

increases with modulation amplitude. This is particularly obvious from the small k
range. In this range, a second and sharper minimum appears for 8 > 0. For large k, the
stability picture is essentially uninfluenced by B. While the minimum critical Rayleigh
number, Ral' = Ra(ky), depends significantly on modulation amplitude, the
corresponding wavenumber, k,, remains close to k = =/ /2. This is confirmed by the
locus of minimum values shown in Figure 6b. As the Rayleigh number increases
beyond Rac, steady convection is lost to oscillatory convection (via a Hopf bifurcation)
at a critical Rayleigh number Ray;.

Figure 7 shows the dependence of the critical thresholds for the onset of steady
convection (Figure 7a) and oscillatory convection (Figure 7b), along with the
corresponding oscillatory frequency (Figure 7c). Here k = /+/2 and a = 1. Figure 7
illustrates the range of stability of steady convection, i.e. for Ra, < Ra < Ray. Figure
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Figure 3.

Influence of modulation
amplitude B on flow and
temperature over one
modulation wavelength,
x € [0, 2m], for Ra = 900,
o =1, Pr =10 and
k=m/ V2
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Figure 4.

Influence of modulation
amplitude on the
distribution of the Nusselt
number over one
modulation wavelength,
x € [0, 2m], for Ra = 900,
o =1, Pr =10 and
k=m/v2

Figure 5.

Influence of modulation
amplitude on the overall
Nusselt number for

o =1, Pr =10 and
k=m/V2
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7a shows that Ra. decreases with modulation amplitude roughly following
Ra, = —267log B + 284. Figure 7b shows the variation of Ray, which also decreases
with B at approximately the same rate as Ra,, following Ray = —7,694 log 8 + 4,006.
Thus, it seems that the range of stability Ra. < Ra < Ray is essentially unaffected by
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domain modulation. The corresponding distribution of the frequency is given in Figure

7c, which indicates that oscillatory convection sets in at a frequency that decreases
with modulation amplitude.

3.2 Modulation at high wavenumber

For small modulation wavenumber, the response of the flow and heat transfer is rather
commensurate with modulation amplitude. Thus, in general, convection is enhanced
by the amplitude. As will now be reported, this is not the case at high modulation
wavenumber. Consider first the dependence of the convection patterns displayed in
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Figure 6.

Influence of modulation
amplitude on the neutral
stability curves
corresponding to the loss
of stability of pure
conduction and the onset
of thermal convection,
over two different ranges
of critical Rayleigh
number (Figures 6a and
b) fora =1
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Figure 7.

Influence of modulation
amplitude on the critical
threshold for the onset
of steady convection
(Rac, Figure 7a),
oscillatory convection
(Ray, Figure 7b), and on
the oscillatory frequency
(Figure 7c¢), for « = 1 and
k=m/ V2
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Figure 8 on a for B = 0.6. Given the strong dependence of k, on o and B (see later),
each pattern reported in the figure is based on the corresponding k., value. The figure
shows that as « increases, the flow and temperature fields become increasingly out of
phase with the domain modulation. This is particularly evident by following the warm
(bright) regions, which tend to be concentrated below the crest (see the flow for « = 1
and 2). For a = 4, the warm and cold regions are almost both alternately beneath the
crest. The velocity field in the figure suggests flow strengthening with increasing



1
X/

wavenumber. The velocity scale is kept the same for comparison. The case o = 4
shows, in particular, that the flow is strongest at the modulated surface (which
explains the arrows outside the flow domain). Thus, the response at low and high
modulation wavenumbers can be significantly different. This is further illustrated by
examining the influence of modulation amplitude on the overall rate of convection.
Similarly to Figure 5, Figure 9 depicts the Nusselt number, (NU(x)), averaged over a
wavelength. In this case, a is set to 2. However, in contrast to Figure 5, Figure 9 shows
that the overall rate of convection tends to decrease with modulation amplitude as
the critical Rayleigh number increases. Thus, whereas modulation in the case o = 1
enhances the onset of convection, modulation tends to delay the onset of convection
when « 1s larger than 1 (more precisely o > 1.3 as will be shown below).
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Figure 8.

Influence of modulation
wavenumber o on
temperature and vector
fields over two
disturbance wavelengths,
x € [0, 4m/Kk], for

Ra = 7,000, 3 = 0.6,

Pr =10 and k = k,,
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Figure 9.

Influence of modulation
amplitude on the overall
Nusselt number for

o =2, Pr=10and

k =kpy
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Figure 10 shows the influence of B on the marginal stability curves for o = 2 over
relatively narrow (Figure 10a) and wide (Figure 10b) ranges of critical Rayleigh
number. In contrast to the curves in Figure 6, the curves in Figure 10 indicate that both
the critical Rayleigh number and corresponding disturbance wavenumber increase
with B. This is a strikingly different response compared to the o = 1 case, which
seems to suggest that the onset of convection is delayed and happens over a narrower
range of k values. For higher value of «, the response is even more complex, as
demonstrated in Figure 11, which shows the marginal stability curves for § = 0.6. In
this case, the typical parabolic shape expected for the marginal stability curve gives
way to a wavy response here evident for o« = 3 and 4. The overall influence of the
modulation on the stability threshold is illustrated in Figure 12, which depicts
the dependence of Ral" on both « and B. Typically, for a given modulation amplitude,
the critical Rayleigh number tends to decrease at small o, reaches a minimum and
increases essentially monotonically with .

4. Concluding remarks
The thermal convection inside a spatially modulated channel is investigated in the
present work. The governing equations are mapped onto a rectangular domain, which
allows the solution to become periodic in the streamwise direction. Similarly to
Rayleigh-Benard convection, conduction is lost to convection at a critical Rayleigh
number. However, this critical value, Rac, depends strongly on both the modulation
amplitude and wavenumber. For a large modulation wavelength, Rac decreases with
modulation amplitude. Beyond a critical a value (a ~1.3), Rac increases with
modulation amplitude. Steady convection loses its stability in turn to oscillatory
convection as Ra is increased further.

From a practical perspective, the study and results reported are applicable to a
wide variety of problems where thermal convection occurs in variable geometry. In
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particular, the convection in heat exchangers is a prime example. The current
formulation is easily extendable to other configurations, such as the modulation of both
the lower and upper plates, sinusoidally or otherwise, as long as the modulation is
periodic in the x direction. In this case, there is no need to alter the solution
methodology, which still consists of domain mapping, spectral expansion of the
velocity, pressure and temperature, Galerkin projection and solution of the projected
equations.
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Figure 10.

Influence of modulation
amplitude on the neutral
stability curves over two
different ranges of critical
Rayleigh number (Figures
10a and b) for o = 2
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Appendix. Projected equations
Upon substituting expressions (12) into Equation (7a) and projecting, one obtains:

Uy + Uy, + U5, + T2 W + 57 W5 + T W5 = 0, (Ala)
U + Uy + Iy U5, + mliUS, + I Wo + I WS + I, W5, =0, (Alb)
— a0 + Iy Uy + iU, + mlogUs, + 1o Wi + Ty WS + I, W5, = 0. (Alc)
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HFF Projecting the streamwise momentum Equation (7b) leads to:

20,1
2’TF ST TS C C S
% U+ KUU + U0, + WU, + mlgUUS + WO, + i U0,
+ I WOUS, + nJgUU, + J; WU + )y USUY + i WSU) + oy UCUS,
34 + I WeU5 + iU + Jiy WU, + i UU;, + Jir WEU5, (A2a)

+ 'Y]]ggUSU; + J27WSU$]d§
_pr <TU3U9] + 5 US4+ U5, + (s +J5)Us, + (0%g + J10)Us, )
+ (s +J15) U5y, — 105, — 6D, — mJupj,

EU:. + WUOUS + T]JgUOU?] +J7WOU?1 + T]J21UOU$] +J22WOU% + T]JlgUOU::
+JrWOUS + a1 UUY + Jos WeUS + mligUSUS + JisWPUS, + i USUS,
+ WU + nJuqUU; + ] WU + nJg UU; + JoWOU3, + ] UUS
+ ]y WU, (A2b)
—kmU + mlaUy + mlsUS + mlssU5, + (0o + J1o)Upy
=Pr| + (Wl +Jo5)Us,, + (%10 + J20) Us,,, — 70" — mJgp))
=)z Py — Tﬂlﬁpf]

T U = mU°U" 4 )y U0, + T WU + iU + JirWOU
+ Mo U°TS, + oy WOUS, + 36 USU)) + JisWEUS + o USU)
+ J27WSU?] + g UU; + Je WU + mJggUUS + iy WU
+ iU, + WU, + mlssUU;, + o WoUS, (A2c)
—kmU® + 1302 + lssUS + 5605, + (0% +J15)U?m
=Pr| + (o +Jo0)Usy + (0 + J30) Uy, + ¢
- ”‘1(]1113?] + J16P5, + J26P3)

Projecting the transverse momentum Equation (7¢) leads to:

zgwf + mUW® — mUSWE + ], U'WS + nJgUWS + lgU WS + nlap USWS,
+ ) UWS + nlgUWS, + ]y USW) + LWOWS + J,WeWS + J, WS W)
+ )16 USWS + ] WOWS + Ty WEWS + Jis WOWE + mlpgUWS, + Ji, WOWS
+ JirWWS + Jos WW3

W Wy + st WS + 52 W3, + (s +J5)Woy, + (%o + J10) W,

r 21
+ (T + J15) W — Jo0% = J7D6, — J1oD5, + Ra (— 90)

(A3a)

k



WS 4 mUOWS + fgU'W + oUW + )y U'WS, + mlg UW, + g UWS,
+ g UWS + i USWS + J;WOWY + [y WWS + J3, WSW) + ] USWE,
+ I WOWE + [y WWE + [, WWE + iU WS + i WOWS + [, WWS
+ ] WWS, (A3Db)
—km W + nJs WS + nJss W5, + s W5, + (0o + J10)Wo,
— Pr| + (W +Jo5) Wy, + (1 + Jo0) Wy, — 7D — J2bS,

—J17p; +Ra (E 9C>

Ewi — wUWE 4+l U'WO + i USWO + g UPWS + g USWE, + mlagUOWS
+ U W, + ”ﬂJzeUSW?] + JlZWOW% + J17WCW?1 + J27WSW(T)]
+ iU WS + JirWOWS + [ WOWS + Jp WIWS -+ mlsgUSWS, + T WOWS,
+JaWWS, + Jy WWW (A3c)
—kmW® + I3 Wy + s We, + s W3, + (21 + Jis) W,
= Pr | + (o +Ja0)Woy + (W20 + J30) Wiy — J12P% — JupS,

< ™
—Jzp;, +Ra (§ 95)
Projecting the energy Equation (7c) leads to:

2{92 — wU%° + U0 + ], U0 + mJeUC) + mJ; UP00 + [,W060 + J;Weo)
+ J1aWo0), + mIgU°65, + iz US65, + msgUe5, + J; WS,
+ J WO + iy WoeS, + 1 U5 + mli6UC65 + MU0, +]12W09f]
+ I WO + Jog W63,
+ (—aA Jgg + aBJs + mAYJs +mA Jes + mB1Js)U
+ (—aAJgy + oB'Jss + TIA?,JG + ”flAql,,Jm + TIB}QJ%)UC (Ada)
(—aAJgs + aB'Jgg + A1 +MAJn + Bl U
(Agz + ArJss + Brlsr) W + (A7 + AlJg + ByJsg) W©
(A%le + A},Jsa + B},Jssa)ws
= ml30) + 505 + 265 + (07T +J5)6%, + (o + J10)0,
+ (Mg +J15)05,

J’_
+
+

w . S . S
Eeﬁ + WUOGS + 'T]J6U099] + T]JZIUQG?] + T]JIGUSG?] +J12W09?] +J22WL9% +J17W59?]
+ I U005, + Iy U6, + g USOS + oy WOOS, + Joo WEOS, + L W65,
+J16U%65 + I U5, + mlsgUeS, + J1, W05 + Ty Weo5, + L, W65,

(—aATgy + aBJss + A5 + nALT7 + mBL ) U°
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HFF + (—aA ez + aBJer + AT +MA Tz + B 7o) U°
20,1 + (—ecAlJgg + B + mAYig + MALTr, +MBLJze)U°
+ (A?]]7 + A}qjsz + B}qus)WO + (A?]]22 + A}qJSS + B;an)wc (Adb)
+ (A7 + AJs + By Joo) W°
36 = —km6" + 71]89?, + 5305 + 505 + (I +J10)9?m + (M +J25)05,
+ (W19 + J20) 65,
Eei — wU%0° + nJ3; U700 + mUO) + mlosU%6, + J1sWO0L + J1; Weo) + J,, Wo6!
+ 1J16U°05 + I UOS + nlygU6S + J1,W6S + JisWEOS + I, WoS,
+ 1JosU°05 + MigUOS + nlssU05 + Ty W65, + L WEO5, + I3y W°05,
+ (—aATes + aB'Tsg +mATn +nAJn + 0B, ) U’
+ (—aA Jos + aB'Je +nATi6 + nATp + By U° (Ade)

(
+ (—aAJgs + oB'Jgy + ”flAg,Jze +mA Tz + MBLJs) U
+ (A?le + A},Jss + Bqqusg)Wo + (A?]JU + A}Js4 + B},,Jgo)wc
+ (A7 + ALJgs + BiJoo) W°
= —kw6® + MJ130) + 5505, + s605 + (n7Ta + J15)60,
+ (M9 +J20)05, + ()0 +J50)05,

The coefficients ]y, J», . . . are constants.
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